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1Department of Physics, University at Buffalo, State University of New York, Buffalo, NY 14260, USA
2Institute for Theoretical Physics and Astrophysics and Würzburg-Dresden Cluster of Excellence ct.qmat,

University of Würzburg, Am Hubland, 97074 Würzburg, Germany
(Dated: September 9, 2020)

I. ELECTRONIC STRUCTURE OF BISMUTHENE AND ANTIMONENE

As an emerging group of two-dimensional (2D) materials, bismuth and antimony thin films have been recently
attracting increasing attention in the field of topological matter due to their strong spin-orbit coupling (SOC) and
various topological states [1, 2]. Especially, bismuthene, fabricated on a SiC substrate [Fig. S1(a)] was experimentally
found to be a 2D topological insulator with a record nontrivial band gap of 0.8 eV [3]. However, such a gap in
bismuthene is indirect [see Fig. S1(b)] because of the huge SOC of Bi atoms, which is unlikely to support excitons. To
get a direct gap, we turn to a system with a smaller SOC: antimonene on a SiC substrate (Sb/SiC). Unlike Bi/SiC,
a direct gap of 248 meV [Fig. S1(c)] was obtained in Sb/SiC. Such a band structure, well described by the effective
Hamiltonian H0 in main text, supports a gapped chiral fermion (CF) system [4], which is a good platform to explore
the band topology-related optical response. To get our proposed spin- and valley-dependent Hamiltonian H, the
staggered potential and exchange field can be induced to antimonene by changing SiC to a magnetic substrate [5]. In
addition to using a suitable substrate, hydrogen passivation is another method to realize a CF system with a direct
nontrivial gap of 410 meV in a hydrogenated antimonene (SbH) [Fig. S1(d)], as shown in Fig. S1(f). With doping of
transition metal (TM) atoms [6], we can also induce the staggered potential and exchange field into antimonene to
get our desired Hamiltonian. Such Sb/SiC and SbH systems give a strong material support to our theoretical model.

In experiments, the W-doped monolayer (ML) SbH [Fig. 4(a)] proposed in this work can be realized in two steps
based on ML SbH [Fig. S1(d)]. (1) Partially remove the H atoms on the top surface of SbH. There are two atomic
layers of H atoms in SbH, where the H atoms on the top (bottom) surface bond with A (B) sublattice of Sb atoms, as
shown in Fig. S1(d) [7]. Considering that 2D materials are usually supported by a substrate, we assume the bottom
surface of SbH is facing with the substrate and the top surface is exposed. Using the common chemical surface
decoration method [8] or scanning tunneling microscope [9], the H atoms on the top surface (A sublattice) of SbH
can be partially removed, while the bottom surface is unlikely to be affected because of the substrate. (2) Deposit W
atoms to the H-deficient SbH. Since the pz orbitals of the Sb atoms without H atoms are unbonded, the W atoms favor
to be adsorbed and bond with such unbonded SbA atoms, rather than going to the bonded SbB sublattice. To verify
this, we performed the structure relaxations for the structures of 2× 2 SbH supercells with one W atom doped in A
and B sublattices on the top surface [Fig. 4(a)], respectively. It was found the structure of 2× 2 SbH supercells with
one W atom doped in A sublattice is stable during the structure relaxation, which is also confirmed by the calculation

Fig. S 1: (a)-(c) Structure of planar antimonene/bismuthene on a SiC substrate and corresponding electronic structures. (d)-(f)
Structure of hydrogenated planar antimonene (SbH)/bismuthene (BiH) and corresponding electronic structures.
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of binding energies Eb, defined as Eb = EW +ESb8H7−EWSb8H7, where EW , ESb8H7, and EWSb8H7 denote the total
energies of the single W atom, 2 × 2 SbH supercells with one H atom removed, and 2 × 2 SbH supercells with one
H atom in A sublattice substituted by a W atom [Fig. 4(a)], respectively. The obtained binding energy is 2.1 eV,
comparable to that of most elemental crystalline solids [10]. However, for 2 × 2 SbH supercells with one W atom
doped in the B sublattice, the structure is not stable during the structure relaxation. Thus, the W atoms favor to be
adsorbed in A sublattice with H atoms removed. This surface-chemistry route has been widely used to create new
materials with desirable features in [11, 12], suggesting experimental feasibility of fabricating the proposed W-doped
ML SbH. The disorder of the W atoms has only a small influence on the low-energy properties of W-doped SbH (see
Sec. XI), facilitating the experimental observation of the proposed effects.

II. GAPPED CHIRAL FERMION (CF) MODEL AND THE WINDING NUMBER

In this section, we provide a brief description of the gapped CF model and the associated winding number, as well
as the optical selection rule proposed in Ref. [4]. The Hamiltonian for an isotropic 2D CF model is generally expressed
as

HCF =

[
∆ α(k) exp(iwφk)

α(k) exp(−iwφk) −∆

]
, (II.1)

where w is the winding number, 2∆ is the gap, φk = tan−1(ky/kx) is the angle of k, and α(k) is a function depending
on specific material systems. Due to the rotational symmetry of the system, excitons can be labeled by the angular
quantum numbers, m. The optical selection rule states that excitons with m = w ± 1 are bright with respect to
negative and positive helicities of light, respectively. Furthermore, to account for the crystal field effect in a crystal
with N -fold rotational symmetry (CN ), bright excitons have angular quantum numbers m = w± 1 (mod N), i.e., up
to modulo N .

III. BETHE-SALPETER EQUATION

We have employed the procedure described in Refs. 13–15 to calculate neutral excitons. Since intervalley coupling
is neglected, the excitons are calculated for each valley separately. We focus on neutral excitons with momentum
qexc = 0, which can be labeled by their quantum number S and valley index τ and calculated from the Bethe-Salpeter
equation (BSE),

[ΩτS − ετc (k) + ετv(k)]ASτvck =
∑
v′c′k′

Kτvck,v′c′k′ASτv′c′k′ , (III.1)

given as Eq. (9) in the main text [16]. Here, the band index n = c(v) denotes one of the two conduction (valence)
bands, ετn(k) the corresponding single-particle/quasiparticle eigenenergies in valley τ with momentum k, and ΩτS the

energy of the exciton state |Ψτ
S〉. We have used the ansatz |Ψτ

S〉 =
∑
vckASτvckĉ

†
τckĉτvk |GS〉 for the exciton state with

the coefficients ASτvck, the creation (annihilation) operator of an electron in a conduction band c (valence band v) ĉ†τck
(ĉτvk) in valley τ , and the ground state |GS〉 with fully occupied valence bands and unoccupied conduction bands.

The BSE [Eq. (III.1)] describes an eigenvalue problem with an eigenvalue ΩτS and an eigenvector ASτvck. Since only
intravalley Coulomb interactions are taken into account, the interaction kernel [13], consists of the direct and exchange
terms,

Kτvck,v′c′k′ = Kd,τ
vck,v′c′k′ +Kx,τ

vck,v′c′k′ , (III.2)

Kd,τ
vck,v′c′k′ = −

∫
d2rd2r′W (r− r′)

{
[ψτck(r)]

†
ψτc′k′(r)

}{
[ψτv′k′(r′)]

†
ψτvk(r′)

}
, (III.3)

Kx,τ
vck,v′c′k′ =

∫
d2rd2r′V (r− r′)

{
[ψτck(r)]

†
ψτvk(r)

}{
[ψτv′k′(r′)]

†
ψτc′k′(r′)

}
, (III.4)

where ψτnk(r) denote the wave functions of the single-particle states with energies ετn(k) (see above), V (r) the bare
Coulomb potential determined from the dielectric environment, and W (r) the screened Coulomb potential, all in real
space.
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Fig. S 2: Geometry of the setup: a Sb-based monolayer of thickness d and dielectric constant ε̃ is embedded in two other
materials with dielectric constants εt and εb.

The wave functions of the single-particle states ψτnk(r) = exp(ik · r)ητnk/
√
A (with unit area A) are calculated from

Hτη
τ
nk = ετn(k)ητnk, with the single-particle Hamiltonian, Hτ = H0 + Hex + HU + HR, defined in the main text. A

substitution of ψτnk(r) into Eqs. (III.3) and (III.4) leads to

Kd,τ
vck,v′c′k′ = −W (k− k′) fcc′ (k,k′) fv′v (k′,k)

A
, (III.5)

Kx,τ
vck,v′c′k′ = −V (k− k′) fcv (k,k) fv′c′ (k′,k′)

A
, (III.6)

where the form factors fτnn′ (k,k′) = [ητnk]
†
ητn′k′ are calculated from the single-particle states, while W (k) and V (k)

are the Fourier transforms of W (r) and V (r), defined below Eq. (III.4). Due to the orthogonality of the eigenspinors

ητnk, fτcv (k,k) = 0, therefore Kx,τ
vck,v′c′k′ vanishes. Hence, the interaction kernel takes the form Kτvck,v′c′k′ = Kd,τ

vck,v′c′k′

in our model. Moreover, W (k) is needed to compute Kτvck,v′c′k′ , which will be addressed in Sec. IV.

IV. COULOMB POTENTIAL AND GEOMETRIC CORRECTIONS

The bare Coulomb potential is determined by the dielectric environment and can be obtained from the Poisson
equation. For the situation where the conduction bands are completely empty and all valence bands are occupied,
the screened potential and the bare Coulomb potential, i.e., the potential unscreened by free charge carriers, coincide,
W (q) = V (q). We consider the geometry shown in Fig. S2, for which the bare Coulomb potential between two
electrons in the xy-plane of the intermediate layer (z = z′ = 0) can be calculated as [17, 18]

V (q) =
2πe2

q

(ε̃2 − εtεb) + (ε̃2 + εtεb) cosh(qd) + ε̃(εt + εb) sinh(qd)

ε̃ [(ε̃2 + εtεb) sinh(qd) + ε̃(εt + εb) cosh(qd)]
. (IV.1)

For thin layers qd� 1, therefore V (q) can be expanded in powers of qd, which yields

V (q) ≈ 2πe2

εq + r0q2
, (IV.2)

where ε = (εt + εb)/2 is the average dielectric constant of the bottom and top materials encapsulating the Sb-based
monolayer (ML), and

r0 =
ε̃d

2

(
1− ε2t + ε2b

2ε̃2

)
, (IV.3)

can be interpreted as the ML polarizability. In the limit of εt/b � ε̃, r0 = ε̃d/2, we recover the result derived in
Refs. 19, 20. The potential given by Eqs. (IV.2)-(IV.3) has proven to be successful in capturing the excitonic properties
of ML-transition-metal dichalcogenides [21] and is used in our calculations. For W-doped ML SbH encapsulated by
h-BN, the dielectric constants of the ML ε̃ = 10 and encapsulating h-BN εt/b = 3.8.

V. GAUGE CHOICE

A specific gauge need to be chosen to calculate the velocity matrix elements, due to the phase arbitraryness in the
eigenstates of the effective Hamiltonian [4, 22]. We fix the gauge by setting one component of the eigenstates real.
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(a) (b) (c) (d) 𝑣−(ℰ < ℰ𝑐)𝑣+(ℰ < ℰ𝑐) 𝑣−(ℰ > ℰ𝑐)𝑣+(ℰ > ℰ𝑐)

Fig. S 3: Full winding patterns of the interband matrix elements of the velocity operators v±(k) at the K′ valley with the K′

point at the origin. The real (imaginary) part of v±(k) is given along the horizontal (vertical) direction. (a) v+(k) and (b)
v−(k) for E < Ec. (c) v+(k) and (d) v−(k) for E > Ec.

Specifically, we set the eigenstates of the Hamiltonian as

|ck〉 =
|c3|
c3

c1c2c3
c4

 , |vk〉 =
|v1|
v1

v1v2v3
v4

 , (V.1)

where ci and vi (i = 1, 2, 3, 4) represent the complex components of the eigenvectors.

VI. DETAILS OF WINDING PATTERNS

In this section, we provide detailed discussions on the winding patterns mentioned in the main text. The full winding
patterns of the interband matrix elements of the velocity operators v±(k) are given by Fig. S3, as a complement of
Figs. 3 (a)-(d) in the main text, in which only one quarter (kx > 0, ky > 0) of each winding pattern is presented.
The real and imaginary parts of each complex matrix element v±(k) are given by the horizontal and vertical lengths
of a vector at k. Therefore, the phases of velocity matrix elements are represented by the angles of the corresponding
vectors.

As shown in Fig. S3, when E < Ec, the phase of v+(k) is nearly uniform, while v−(k) winds clockwise twice over
a closed counterclockwise contour enclosing the K ′ point. In contrast, when E > Ec, v+(k) winds counterclockwise
twice, while v+(k) is nearly uniform. Such a qualitative change of winding patterns reflects a change of the winding
number of the bands. In a two-band model given by Eq. (II.1), the velocity matrix element has an angular dependence
v±(k) ∝ exp(−i(w ∓ 1)φk). Hence, this change of winding patterns is consistent with the change of winding number
from 1 to −1, as given by the downfolded Hamiltonian Eqs. (4) and (5) in the main text. In addition, for a system
with a rotational symmetry, an exciton envelop function can be expressed as a product of a radial and an angular
part as Avck = fm(|k|)eimφk . The corresponding oscillator strength of an optical transition to an exciton state with
an angular quantum number m can be expressed as,

Om± ∝

∣∣∣∣∣∑
k

fm(|k|)eimφkv±(k)

∣∣∣∣∣
2

. (VI.1)

To have a nonzero oscillator strength and thus significant optical transition, the angular part of the exciton envelop
function has to be canceled by the angular dependence of the velocity matrix element v±(k), which are visualized by
the winding of patterns. As we can see from the winding patterns in Fig. S3, nonzero oscillator strength for bright
s excitons (m = 0) is achieved under σ+ light when E < Ec; on the other hand, when E > Ec, s excitons are bright
under σ− light.

Note that in Ref. [22], winding patterns of monolayer, bilayer and trilayer gapped graphene systems have been
calculated, showing changes of winding numbers for different layers of graphenes. However, in our proposal, the
change of winding number is achieved in the same material by applying an external electric field. In addition, due to
the time-reversal symmetry (TRS) in the systems considered in Refs. [4, 22] (MoS2 and gapped graphene systems), the
velocity matrix elements and their winding patterns at the K and K ′ valleys are related by the TRS. The absorption
of one helicity of light in one valley is always accompanied by the absorption of the opposite helicity of light in the
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Fig. S 4: (a) The fitted bands of the effective model (black) for the DFT-calculated bands (blue) of W-doped 2×2 SbH
supercells (W-2×2 SbH) without gating [Fig. 4(b) of the main text]. The obtained parameters are: λSO = 0.19 eV, λR = 0.01
eV, MA = 0.1 eV, MB = 0.002 eV, Ui = 0.014 eV, where Ui is the intrinsic staggered potential without gating. (b) The
orbital-resolved electronic structure for (a). (c) and (d) Berry curvatures, Ω, for the whole valence bands of the W-2×2 SbH
MLs calculated from DFT and effective model, respectively.

other valley, i.e., there is no net circular dichroism. However, TRS is broken by the exchange field in our system
and therefore velocity matrix elements in the K and K ′ valleys are asymmetric, leading to a net circular dichroism.
Hence, we have shown that the optical properties (circular dichroism) of a Sb-based monolayer can be tuned by an
external electric field, which is of fundamental interest and can have potential application in atomically-thin optical
electronic devices.

VII. COMPUTATIONAL DETAILS

To numerically solve Eq. (III.1) [Eq. (9) in the main text], a coarse uniform N × N k-grid with a spacing of
∆k = 2π/(Na0) and a0 = 5.29 Å in each direction is used. We also limit our calculation at an upper cutoff energy
Ecut. The value of Coulomb potential W (k− k′) at a coarse grid point k− k′ is obtained by averaging over a square
centered at this grid point with sides ∆k on a Nint × Nint fine grid, which has a spacing of ∆kint = ∆k/Nint. For
a proper convergence in our numerical calculations, we have used N = 200, Nint = 100 and an energy cutoff of 600
meV above the band gap, i.e., Ecut = Eg/2 + 600 meV. We find that the 1s binding energy changes by less than
1% when going from N = 200 to N = 300. Parameters used in the calculations are: λSO = 0.2 eV, λR = 0.02 eV,
MA = 0.1 eV, MB = 0.002 eV, vF = 8 × 105 m/s, U1 = 0.01 eV, U2 = 0.08 eV, which are based on literature [7]
and our density functional theory (DFT) calculations, as shown in Fig. S4(a). To further show that the W atoms
doped SbH monolayers (ML W-SbH) can be well described by our effective model based on px and py orbitals, we
plot the orbital-resolved bands in Fig. S4 (b). It is clear that the bands near EF are dominated by the Sb-px and
Sb-py orbitals, while the bands from W atoms bonding with Sb-pz orbitals are far away from EF at the two valleys.
Furthermore, the agreement between the Berry curvatures calculated from DFT [Fig. S4(c)] and the effective model
[Fig. S4(d)] also provides additional support that the electronic structure and topological properties of ML W-SbH
can be well described by our effective model.

The electronic ground-state calculations in this work were performed using the full-potential linearized augmented
plane-wave (LAPW) method [23] as implemented in the WIEN2K code [24]. Spin-orbital coupling is included as a
second vibrational step using scalar-relativistic eigenfunctions as the basis after the initial calculation is converged
to self-consistency. The Perdew-Burke-Ernzerhof generalized-gradient approximation (PBE-GGA) [25] is used to
describe the exchange and correlation functional. A vacuum space larger than 15 Å is set to avoid the interaction
between the two adjacent layers. A Monkhorst-Pack k-grid of 9× 9× 1 is adopted for the first Brillouin zone integral
and the convergence criterion for the charge is 0.0001 e. To achieve a fully relaxed structure, all the atoms are allowed
to move until the Hellmann-Feynman force on each atom is smaller than 0.01 eV/Å. The Berry curvature Ω(k) from
all the valence bands is calculated by [6, 26]

Ω(k) =
∑
n

fnΩn(k)

Ωn(k) = −2 Im
∑
m 6=n

〈ψnk |vx|ψmk〉 〈ψmk |vy|ψnk〉 ~2

(Em − En)
2 ,

(VII.1)

where En is the eigenvalue of the Bloch functions |ψnk〉, fn is the Fermi-Dirac distribution function at zero temperature,
and vx and vy are the velocity operators.
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Fig. S 5: Absorption spectra for different broadenings from 10 to 30 meV. The other parameters are taken from Figs. 2(c) and
(d).

VIII. EFFECT OF BROADENING

Broadening of the absorption spectra can be affected by various factors. For instance, broadening is strongly
dependent on temperature and can increase by orders of magnitude from cryogenic to room temperatures. In our
calculations, we chose a broadening of 20 meV to describe a room-temperature situation. To show the effect of
broadening, in Fig. S5 we present calculated absorption spectra with broadening in a range from 10 to 30 meV.

From the series of spectra, we see that the qualitative feature of helicity reversal is not affected; only the widths of
the peaks are directly modified along with the values of broadenings. This can be understood because broadening does
not change the optical selection rules of excitons, which are determined by the corresponding winding numbers. We

recall that Eq. (8) in the main text factorizes in a part
∣∣∑

vck v±(k)ASτvck
∣∣2 containing information about the selection

rules and a part with the Lorentzian distribution δ(~ω − ΩτS) = Γ/
[
π[(~ω − ΩτS)

2
+ Γ2]

]
containing the broadening.

Therefore, the helicities of the absorption peaks are not affected by a change of broadening.

IX. THE ANOMALOUS VALLEY HALL EFFECT: TRANSPORT RESPONSE TO THE TUNABLE
BAND TOPOLOGY

In this section, we provide additional details and discussion about the transport response to the tunable band
topology. Since in our system both inversion symmetry (IS) and TRS are broken, the valley splitting and nonzero
Berry curvatures Ω(k) emerge in the valleys (Fig. 4 and Fig. S4), allowing us to identify signatures of a tunable
band topology using transport detection beyond optical probes. As shown in Fig. S4(a), due to the exchange field
induced valley splitting, a smaller gap and thus a lower energy of the 1s exciton appear in the K ′ valley compared
to the K valley. Based on the gate-controlled tunability of the light helicity (Fig. 2), we know when E < Ec, σ+

light with a frequency near resonance to the 1s exciton of the K ′ valley leads to significant excitation of carriers in
the K ′ valley, but not in the K valley where it is off resonance. Thus the carrier density in K ′ valley (nK′) is much
larger than that in the K valley (nK), giving a large carrier density imbalance (nv) between the two valleys (nv =
nK′ − nK). Due to the nonzero Ω(k) in the valleys [Fig. S4(c)], the photoexcited carriers in the K ′ valley experience
a Lorentz-like force transverse to an in-plane electric field, Ein, giving an anomalous valley Hall effect (AVHE) [27],
described by an intrinsic anomalous Hall conductivity σ+

H , as shown in Fig. S6(b). In contrast, when E > Ec, due

to the change of the winding number and thus the helicity selectivity, the optical excitation and AVHE with σ−H is
now only significant with σ− light, as shown in Figs. S6(d)-(f). Theoretically, the helicity-dependent anomalous Hall
conductivities σ+

H and σ−H can be calculated from the integration of Ω(k) [σH = (e2/h)(1/2π)
∫
d2kΩ(k)] [26] with

E < Ec and E > Ec, respectively. In the degenerate limit, σH can be approximated as σH ∼ nv/Eg [27], where Eg is
the band gap. Since nv corresponds directly to the light helicity (band topology), the band topology can be probed
by the detection of σH for each helicity of light separately, where a significant contrast in the Hall conductance is
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Fig. S 6: Distinguishing tunable band topology for E < Ec and E > Ec through transport response from an anomalous valley
Hall effect (AVHE). (a) Schematic resonant optical excitation of 1s excitons with σ+ light and nonzero Berry curvature Ω at
the K/K′ valleys, (b) the corresponding AVHE when an in-plane electric field, Ein, is applied, and (c) calculated Ω from the
effective model, all for E < Ec. An analogous situation for (d) excitation of 1s excitons with σ− light, (e) AVHE, and (f)
calculated Ω, all for E > Ec.

expected. Specifically, when E < Ec, σ+
H/σ

−
H � 1; while E > Ec, σ+

H/σ
−
H � 1. Therefore, an electrical detection of the

band topology and winding number can be achieved. Furthermore, the asymmetry of gaps in the K/K ′ valleys leads
to different energies of 1s excitons in the two valleys. Therefore, circularly polarized light as depicted in Fig. S6 is not
necessary, valley polarization and AVHE can instead be achieved with linearly polarized light with a proper frequency.
In MoS2 systems, TRS has to be explicitly broken by shining circularly polarized light in order to create a population
imbalance between the two valleys and observe VHE [27]. However, in our system, since valley splitting is achieved
by the exchange field, a linearly polarized light with a suitable frequency can already lead to a valley polarization and
the observation of AVHE. Such a transport response provides another approach to probe the gate-controlled band
topology.

X. THE MECHANISM OF THE BAND-TOPOLOGY TUNABILITY

Here we illustrate the mechanism of the band-topology tunability in the antimonene system. Generally, there are
three requirements in our proposal: (1) Directly gapped chiral fermions in the valleys, (2) exchange field (M̄) to break
TRS and thus to induce valley splitting, (3) staggered potential (U) to break IS, which is also controllable by an
electric field. In our proposed example of W-doped ML SbH, all three of the above requirements are fulfilled. For (1)
pristine ML SbH has a direct gap with chiral fermions as shown in Fig. S1, while for (2) and (3) the W atoms induce
both the exchange field and staggered potential.

To illustrate how M̄ and U are induced in ML SbH by W-atoms and tuned by the electric field, we plot the bands
of the pristine ML SbH and W-2×2 SbH without SOC, in Fig. S7(a) and (b), respectively. Since both the IS and
TRS are preserved in ML SbH, degenerate Dirac cones exist at the valleys, as shown in Fig. S7(a). When one H
atom at the SbA sublattice is replaced by a W atom [shown in Fig. 4(a)], a calculated magnetic moment of ∼ 5µB
is induced in the system, breaking TRS and thus resulting in spin-polarized bands as shown in Fig. S7(b). The W
atoms also break the inversion symmetry of ML SbH, inducing an intrinsic staggered potential, Ui, between the SbA

and SbB sublattices, giving rise to different gaps between conduction and valence bands for spin-up and spin-down
levels, respectively, shown in Fig. S7(b).

From a tight-binding model constructed as in our previous work [5, 28], both M̄ and U are onsite terms. Thus their
competition can directly affect the band order in the valleys. To clarify this, in Fig. S7(d) we plot the schematic of the
energy levels in the two valleys from the Hamiltonian H, without and with SOC. The tunability in our manuscript
mainly focuses on the band inversion between the two conduction bands in the K ′ valley. Such band inversion gives
rise to the change of the winding number and band topology as we discussed in the main text. From Fig. S7(d),
it is clear the band order of the two conduction bands (λSO + MB − U and λSO −MA + U) is determined by the
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Fig. S 7: (a) and (b) Calculated electronic structure for pristine ML SbH and W-2×2 SbH without SOC. (c) E-dependent
M̄ and U from DFT calculations. (d) Schematic of the energy levels of the bands in the two valleys without and with SOC,
respectively. Here we assume MB < MA < λSO and MA +MB > 2U , which is in agreement with the DFT calculations for ML
W-2×2 SbH in Fig. 4(b). The red/blue curves in (b) and (d) indicate the spin-up/spin-down states.

competition between M̄ and U . Note, the presence of SOC here alters the band gap in our system, but does not affect
the conduction band ordering. Initially, M̄ is larger than U in W-doped 2×2 SbH supercells (W-2×2 SbH), where
M̄ and U are obtained as around 51 meV and 14 meV, respectively, by fitting the effective model used in Fig. S7(d)
with the DFT results from Fig. S7(b) and Fig. 4(b). To change the band order of the two conduction bands, we
need U > M̄ . Considering previous demonstrations that U can be directly controlled by an electric field [29, 30], we
propose to use an electric field to increase U and change the band order, as shown in Fig. 4.

When the perpendicular electric field is applied (from W to H), an additional staggered potential can be induced
in the system, thus enhancing the total staggered potential. By fitting the model Hamiltonian to the DFT results,
the electric field-dependent M̄ and U are plotted in Fig. S7(c). One can see U is increased almost linearly by E and
when E > 2 V/nm, U is larger than M̄ , giving rise to the band inversion of the two conduction bands in Fig. 4. As
we show in the main text, such band inversion can change the band topology and helicity of the optical response.

XI. EFFECTS OF CONCENTRATION AND DISORDER OF W ATOMS

In this section, we discuss the influence of the concentration and disorder of W atoms. The two key factors in
our proposal are the exchange field, M̄ , and staggered potential, U , which are both induced by W atoms. Thus, it
is expected that the W-concentration plays a significant role. To explore the influence of the W-concentration, we
have performed electronic structure calculations for larger 4×4 SbH supercells doped with 1 to 8 W atoms, giving the
W-concentration from 1/16 to 8/16, as shown in Figs. S8(a)-(h). The pattern of the W atoms for each concentration
is set randomly. When the concentration is fixed, the electronic structure is robust against different W patterns,
which will be illustrated in the following part about the effects of disorder.

The calculated electronic structure for different W-concentrations is shown in Figs. S8(i)-(p). We can clearly see
that around the Fermi level, EF , the electronic structure remains similar, but the spin splitting and the band gap are
enhanced and reduced for larger W-concentrations, respectively. By fitting the electronic structure from the effective
model [Fig. S7(d)] with the DFT results from Figs. S8(i)-(p), M̄ , Ui, and the band gap for different W-concentrations
are plotted in Fig. S9(a). Remarkably, both M̄ and Ui increase linearly with the W-concentration. Thus, the required
external staggered potential to reverse the conduction band ordering, Ue, also has a linear dependence in the W-
concentration, because of UC = Ui + Ue = M̄ . As the W-concentration increases, the band gap decreases linearly as
shown in Fig. S9(a). Notably, when the concentration is larger than 7/16, the valence bands and conduction bands
cross. A novel gap can be opened at the band crossing points by Rashba SOC, giving a quantum anomalous Hall
effect [5, 6]. However, the proposed optical response may not survive in such crossed bands. Thus, the W-concentration
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Fig. S 8: (a)-(h) The atomic structure of the 4×4 SbH supercell doped with 1 to 8 W atoms. (i)-(p) Calculated electronic
structure for (a)-(h), respectively.
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Fig. S 9: (a) The W-concentration dependent exchange field M̄ , intrinsic staggered potential Ui, required external staggered
potential to reverse the conduction band ordering Ue (total critical staggered potential Uc = Ui + Ue = M̄) and the band gap
obtained from the electronic structure in Fig. S8, calculated using DFT. Absorption spectra for different W-concentrations:
from (b) 2/16 to (e) 5/16.

range supporting our proposal is from 1/16 to 6/16. Such a large concentration range provides a suitable parameter
space for the experimental realization of our proposal.

To further study the influence of the W-concentration on the optical properties, we calculate the absorption spectra
for different W-concentrations in Figs. S9(b)-(e) by extracting relevant parameters from the corresponding electronic
structure in Figs. S8(j)-(m). While there is a gradual decrease in the frequency of the first absorption peak, the
qualitative features of the absorption spectra are preserved when the W-concentration is increased. Such a reduction
in frequency is mainly due to the decrease of band gaps (shown in Fig. S8). These results corroborate that our main
findings can be observed in a large concentration range and are therefore encouraging that an optical detection of the
tunable band topology is experimentally feasible.

To understand the influence of the disorder of the doped W atoms, we have performed electronic structure calcula-
tions based on a 4×4 SbH supercell with special quasirandom structures [31]. Such an approach has been widely used
in exploring the disorder effects based on a finite-size supercell [32]. With the W-concentration fixed as 4/16 or 25%,
the same as in Fig. 4(a), we randomly create different atomic patterns for the 4 W atoms in the 4×4 SbH supercells,
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Fig. S 10: (a)-(h) Different atomic patterns for the 4×4 SbH supercell doped with 4 W atoms. (i)-(p) Calculated electronic
structure for (a)-(h), respectively.
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Fig. S 11: (a) and (b) Absorption spectra for different doping patterns (a) and (b) from Fig. S10 and (c) the average of all
eight patterns in Fig. S10.

where only eight patterns are shown in Figs. S10(a)-(h).
For each of these atomic patterns in Figs. S10(a)-(h), the corresponding electronic structure is plotted in Figs. S10(i)-

(p). Since the calculations show no obvious differences in their bands [Fig. S10(i)-(p)] at the two valleys near EF ,
the disorder of W atoms does not significantly affect the low-energy properties. This can be understood from the
observation that the desired gapped Dirac bands are related to Sb-px and py orbitals, while the bands from the W
atoms, bonding with pz orbitals, are far away from EF in the two valleys, as shown in Fig. S4(b). The role of W atoms
here primarily provides the exchange field and staggered potential to magnetize the Dirac bands around EF . Since
the exchange field and staggered potential are primarily determined by the concentration, rather than the distribution
of the W atoms, the disorder of W atoms does not affect significantly our results.

We further illustrate in Fig. S11 the effect of disorder by showing the corresponding absorption spectra for different
doping patterns (a) and (b), as well as an average of all the patterns in Fig. S10. We see that different patterns only
have a minor influence on the absorption spectra. Therefore, our results are robust against the disorder of W atoms.

XII. EFFECTS OF STRAIN

Strain is very important for 2D materials as a versatile tool to engineer transport, optical, and topological properties.
To explore the influence of strain in ML W-SbH, we employ a common in-plane biaxial strain to ML W-2×2 SbH, which
corresponds to the relative change of the lattice constant by δ = (a− a0)/a0, where a (a0), is the strained (relaxed)
lattice constant. Our DFT calculations show that the electronic structure of W-SbH can be strongly modified by the
strain, as shown in Figs. S12(a) and (b). By fitting the effective model with the calculated bands, the strain-dependent
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Fig. S 12: (a) and (b) Calculated electronic structure for the ML W-2×2 SbH under ∓3% in-plane strain, respectively. (c) The
strain-dependent M̄ and U obtained from DFT calculations. (d)-(g) Absorption spectra under in-plane strain from −2% to
2%.

M̄ and Ui are plotted in Fig. S12(c). We can see Ui, can be enhanced when the lattice constant is decreased. By
recalling UC = Ui + Ue = M̄ , a suitable strain therefore makes the conduction band reversal possible at a smaller
applied electric field.

To further explore the role of strain in the optical response, we have also calculated the absorption spectra for a
series of strains shown in Figs. S12(d)-(g). The frequency of the first absorption peak decreases with larger strain,
which is mainly due to the decreasing band gaps [see Fig. S12(c)], while the qualitative features remain unchanged.
We note that experimentally our ML material forms a van der Waals heterostructure rather than chemical bonding
with its substrate (h-BN), for which strain is minor. Therefore, our prediction of helicity reversal remains robust
when strain is taken into account. The presence of strain can be used to tune the frequency of the first observed
absorption peak.
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