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I. MAJORANA BOUND STATES IN A SINGLE PLANAR JOSEPHSON JUNCTION WITH ROTATED
IN-PLANE MAGNETIC FIELD

Here we provide discussion about the results of the Majorana bound states (MBS) in a single planar Josephson
junction (JJ) with rotated in-plane magnetic field, B. Such a single JJ can be viewed as a special case of the X-shaped
junction (XJ) when the two superconducting (S) regions are parallel, as shown in Fig. S1(a). Equivalently, this
corresponds to the central angle 20 = 0, defined between the two S regions in the Fig. 1 of the main text. Previous
publications have reported that the topological superconductivity in planar JJs exists over a large parameter space
when the magnetic field is along the S/normal region (N) interface [1-4]. Here we explore how the MBS evolve
for in-plane B-field at a misalignment angle 8 with the S/N interface, introduced in Fig. S1(a). The corresponding
Bogoliubov-de Gennes (BdG) Hamiltonian for the single JJ is the same as from the Eq. (1) in main text, but with
the pairing potential, A(x), and chemical potential, ;1(z), having one-dimensional dependences, written as
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where p is the momentum, « is the Rashba spin-orbit coupling (SOC) strength, B is the external magnetic field, up is
the Bohr magneton, while m* and g* are the electron effective mass and g-factor, respectively, taken a m* = 0.03my,
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Fig. S 1. (a) Schematic of a planar Josephson junction with in-plane magnetic field, B, at a misalignment angle 8 with the
superconductor/normal region (S/N) interface. Two MBS, 1 and ~2, are denoted by stars at the opposite ends of the N region.
P and Q denote the closest points at the edge of the opposite S regions, subsequently shown also in the X-shaped junctions.
(b)-(d) Energy spectra with B = 0.4 T as a function of the superconducting phase difference, ¢ = p1 — @2, for 8 of 0, 0.1,
and 0.15m, respectively. (e)-(g) Energy spectra as a function of the angle 8 with the phase difference of ¢ = 7 for B = 0.2 T,
0.4 T, and 0.6 T, respectively. The red lines in the spectra indicate the evolution of finite-energy states into MBS inside the
topological gap. The spectra were obtained for a junction with length L = 3.2 pm, width W = 1.6 ym and Wx = 100 nm.
The other parameters are the same as those in the Fig. 2. of the main text.
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where my is the electron mass, and ¢g* = 10 for InAs. We use 7; (0;) as the Nambu (Pauli) matrices in particle-hole
(spin) space and 74+ = (7, £ 7,)/2. For the Zeeman term, we can write B - o = o,Bcosf3 + 0,Bsin 8 and the
proximity-induced superconducting pairing potential for the 2DEG below the S leads,

Ag\/1— (B/B.)%e#/2 for 0 <z < (W —Wy) /2,

Alz)=<¢ 0 for (W —-Wy)/2<a2< (W+Wn)/2, (2)
Ao\/1— (B/B.)%e®2/2 for (W +Wy)/2<z<W,

is expressed in terms of A( the superconducting gap, B. the critical magnetic field, and the geometric parameters
depicted in Fig. S1. For proximity-induced superconductivity in InAs we take Ag = 0.23 meV and B, = 1.6 T for Al

Solving the BAG Hamiltonian, we get the phase-difference biased energy spectra for different B-field orientation /3,
as shown in Fig. S1(b)-(d). As expected, the MBS emerge when 8 = 0 [Fig. S1(b)], in agreement with the previous
work [1-4]. When f is increased, the phase-difference range supporting MBS becomes smaller [Figs. S1(c) and (d)].
However, even when § is up to 0.157, there is still a large range of the phase difference (0.587 to 1.167) supporting
topological states [Fig. S1(d)]. To explore the range of § supporting MBS, we plot the S-dependent energy spectra
of m-JJ in Fig. S1(e)-(g) for different values of magnetic field. As the misalignment angle increases, one can see the
topological region is reduced and, eventually, fully suppressed, as observed experimentally [4]. However, the MBS
would still survive for B = 0.2 T when the value of the misalignment angle is up to 0.27, providing a useful guidance
in designing XJs.

II. SUPERCONDUCTING AND NORMAL REGIONS IN X JUNCTIONS

By choosing the origin of the coordinate system at the lower-left corner, as shown in Fig. S2(a), for the proximity-
induced superconductivity in a two-dimensional electron gas (2DEG), covered by an s-wave superconductor, we can
describe four superconducting regions (S, S2, S3, and Sy) and a normal region (IV), uncovered by the superconductor,
by the following relations,
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Fig. S 2. (a) Schematic of the XJ with position functions. P and @ points are the fixed crossing points. Si(z,y), S2(z,y),
S3(z,y), Sa(z,y),and N(z,y) are the algebraic descriptions for S1, Sz, Ss, Ss,and N regions, respectively.(b) Schematic of the
XJ with the angle 0 close to zero (tanf < W/L).
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Fig. S 3. (a)-(c) Calculated energy spectra as a function of the central angle 26 in XJs with B = 0.4 T for the diagonal (,
m, 0, 0), long-edge (0, w, 0, 0), and short-edge (0, 0, m, 0) MBS types, respectively. The red lines indicate the evolution of
the finite-energy states into MBS inside the topological gap. The geometric parameters are L = 3.2 pm, W = 1.6 um, and
Wy /cos@ = 100 nm. The other parameters, which are taken from Fig. 2 in main text. (d)-(f), are same as in panels (a)-(c),
but with L = 4.8 ym. The parameters from panels (g)-(i) are the same as those in (a)-(c), but with W = 2.4 pym.

where (zp, yp) and (zg, yq) are the coordinates of the points P and @, with xp = (W — Wy/cos0)/2, zg =
(W+4+Wy/cos8)/2, and yp = yo = L/2.When 0 is changed, the distance between the points P and () points is fixed,
but Wy varies, see Fig. S2(b). In the limiting case when 8 is zero, the XJ becomes a single JJ, as shown in Fig. S1(a).

IIT. GEOMETRICAL EFFECTS IN X JUNCTIONS

In this Section we explore how the geometric parameters affect the MBS formation in XJs, especially as the central
angle, 20, is changed. With the fixed system size, L = 3.2 um, W = 1.6 ym, and PQ = Wy /cosf = 100 nm, the
distance between the crossing points, P and @, we plot §-dependent energy spectra in Fig. S3(a)-(c) for the diagonal,
long-edge, and short-edge MBS types, respectively. When 6 ~ 0, the diagonal and long-edge configuration can be
approximated by a single 7-JJ where the MBS are stable for a large range of parameters [1-4]. Therefore MBS emerge
in XJs as expected from the previously studied planar JJs, as shown in Figs. S3(a) and S3(b).

When 6 is increased, the misalignment between the B-field along the y-direction and the S/N interface becomes
larger. As a result of these less-favorable conditions, the MBS become fragile, which is consistent with the enhanced
MBS oscillations. However, when 6 is smaller than 0.187, the MBS are stable for both configurations. Thus, the
range of 6 supporting diagonal and long-edge MBS are from 0 to 0.187. For short-edge MBS, when 6 ~ 0, the areas
of S and S3 are too small to support such MBS [see Fig. S2(b)]. As shown in Fig. S3(c), the MBS do not emerge
until 6 reaches 0.087 and become unstable when 6 ~ 0.187. Thus, the range of 8 supporting short-edge MBS is from
0.087 to 0.18.

We also explore the influence of the system size of XJs. As shown in Fig. S3(d)-(i), increasing the XJ’s length (L)
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and width (W) does not give a clear change for all the three types of MBS (slightly suppress the oscillations of the
zero-energy bands for short-edge MBS), indicating that the system size with L > 3.2 ym and W > 1.6 um is already
large enough to support MBS. With these results, we can identify that all the three MBS types can coexist in a robust
form for @ from 0.087 to 0.187 with L > 3.2 um and W > 1.6 pym. Such a large parameter range gives a considerable
flexibility for XJ fabrication. In fact the size of our fabricated XJ [see Fig. 1(b) in the main text] already fits well in
this range of suitable geometric parameters, with L = 4.0 ym, W = 2.0 ym and ¢ = 0.157.

IV. MBS EXCHANGE IN X JUNCTIONS

In this Section we provide complementary information about the MBS exchange by controlling the phase differences
among the four S regions (p1, ..., p4) with external fluxes ®;, 5, and ®3, depicted in Fig. 1. In Figs. 3(f)-(j), we
have shown the evolution of the calculated MBS probability densities from the diagonal [Fig. 3(a)] to a long-edge
MBS [Fig. 3(b)] through continuously changing ¢ from 7 to 0, but fixing w3 = 7, 3 = 0, and ¢4 = 0 with external
magnetic flux control. For this MBS evolution depicted in Fig. S4(a), we provide the corresponding low-energy spectra
in Fig. S4(b). For any value of the continuously changing ¢, the MBS are protected by the topologically-nontrivial
superconducting gap and remain stable during the whole switching time. As a result, the v can be adiabatically
moved from the upper-left to the upper-right corner through the XJ center. We also provide an animation (see
Diagonal2long.GIF) to show the whole process of the evolution of the MBS probability density for Fig. S4(a). Because
of the XJ symmetry, the low-energy spectra of the evolution from long-edge MBS [Fig. 3(b)] to the other diagonal
MBS [Fig. 3(c)] is same as that already shown in Fig. S4(b).
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Fig. S 4. (a) Schematic of the evolution from the diagonal MBS [Fig. 3(a)] with (1, @2, @3, v4) = (7, 7, 0, 0) to a long-edge
MBS [(Fig. 3(b)] with (¢1, @2, @3, pa) = (0, m, 0, 0). (b) The corresponding calculated spectra for (a) with continuously
changing o1 from 7 to 0, but fixing w2 = 7, 3 = 0, and ¢4 = 0. (c) Schematic of the evolution from the diagonal MBS
[Fig. 3(c)] with (@1, @2, @3, wa) = (0, m, 7, 0) to a short-edge MBS [Fig. 3(d)] with (¢1, @2, @3, 4) = (0, 0, w, 0). (d) The
corresponding calculated spectra for (¢) with continuously changing (2 from 7 to 0, but fixing 1 = 0, w3 = 7, and ¢4 = 0.
The parameters are taken from Fig. 2.



We also provide a similar analysis for another step in the MBS exchange which is shown schematically in Fig. S4(c)
as the evolution from the diagonal MBS [Fig. 3(c)] to a short-edge MBS [Fig. 3(d)] through continuously changing -
from 7 to 0, but fixing ¢;1 = 0, 93 = 7, and ¢4 = 0. The corresponding evolution of the low-energy spectra is given in
Fig. S4(d). Similar as in the previous step of the MBS exchange, for any value of the continuously changing @9, the
MBS are protected by the topologically-nontrivial superconducting gap and remain stable during the switching time.
We provide the animation (see Diagonal2short.GIF) for the whole process of the evolution of the MBS probability
density for Fig. S4(c). Invoking the XJ symmetry, the low-energy spectra of the evolution from Fig. 3(d) to Fig. 3(e)
is same as shown Fig. S4(d), indicating that the short-edge MBS [Fig. 3(d)] can be adiabatically changed into the
diagonal MBS [Fig. 3(e)]. These additional results and discussion corroborate that MBS in XJs can indeed be flexibly
manipulated by the external flux control.

To realize the adiabatic evolution of the MBS exchange in Fig. 3, the switching time, 7, should be larger than the
time 7, expected from the uncertainty relation, AET, ~ h/2, where AE is the energy gap between the ground state
and first excited state. From our calculations in Fig. S4, the smallest AFE is about 2 peV during the whole process of
MBS exchange, giving an estimated 7, of approximately 0.17 ns. Thus, the switching time should exceed 0.17 ns to
realize the adiabatic MBS evolution.

On the other hand, to avoid the quasiparticle poisoning, the switching time should be smaller than the quasiparticle
poisoning time of the MBS, 7, in XJs. While, to the best of our knowledge, there are still no experimental measure-
ments of 7, in planar JJs, such 7, is well explored in nanowire systems [5-7]. Specifically, 7, ~ 1 us is experimentally
reported in Al/InAs system [5]. Considering that we analyze the same materials system, for the operation of XJs we
also used 7, ~ 1 us. Therefore, with 0.17 ns < 7 < 1 pus we can apply the considered analysis to exchange the MBS in
our XJ. Such condition on the relevant timescales can be readily achieved with external flux control, which eliminates
the risk of excitation from the ground state and quasiparticle poisoning during the switching.

V. MBS FUSION IN X JUNCTIONS

In this Section, we show that XJs can be used to implement the fusion of MBS, which is an important step in
demonstrating the non-Abelian character of MBS [8]. Figure S5(a) provides the flux protocol and the phase control
for the fusion of the MBS. As shown schematically in Figs. S5(b)-(f), the diagonal MBS can be gradually moved and
fused at the center of the XJ using the three external fluxes to change ®; from 0 to -0.25® and then to change ®o
from 0.5®¢ to 0.25® and P53 from 0 to 0.25P, simultaneously, within the time 27, as shown in Fig. S5(a). Since
we have shown in Fig. 4 of the main text that 4 MBS can be generated, a more complex fusion in XJ, for example,
fusing (71, 72) by changing 1 from 7 to 0 and fusing (72, y3) by changing s from 0 to 7 can access different fusion
channels, which could probe non-Abelian statistics [8].
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Fig. S 5. (a) Schematic of the flux protocol for the MBS fusion with external fluxes, 7 is the switching time and ®q is the
magnetic flux quantum. (b) - (f) Calculated MBS probability densities for the MBS fusion. The parameters are taken from
Fig. 3.
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